Note on coisotropic Floer homology and leafwise fixed points by Ziltener, Fabian
ar
X
iv
:1
70
7.
04
47
8v
1 
 [m
ath
.SG
]  
14
 Ju
l 2
01
7
NOTE ON LOCAL COISOTROPIC FLOER HOMOLOGY
AND LEAFWISE FIXED POINTS
Fabian Ziltener
I outline a construction of a local Floer homology for
a coisotropic submanifold of a symplectic manifold and
explain how it can be used to show that leafwise fixed
points of Hamiltonian diffeomorphisms exist.
Consider a symplectic manifold (M,ω), a coisotropic submanifold
N ⊆M , and a Hamiltonian diffeomorphism ϕ :M →M . The isotropic
(or characteristic) distribution TNω on N gives rise to the isotropic
foliation on N . A leafwise fixed point for ϕ is a point x ∈ N for which
ϕ(x) lies in the leaf through x of this foliation. We denote by Fix(ϕ,N)
the set of such points. A fundamental problem in symplectic geometry
is the following:
Problem. Find conditions under which Fix(ϕ,N) is non-empty and
find lower bounds on its cardinality.
This generalizes the problems of showing that a given Hamiltonian
diffeomorphism has a fixed point and that a given Lagrangian subman-
ifold intersects its image under a Hamiltonian diffeomorphism. Refer-
ences to solutions to this problem are provided in [Zi1, Zi2].
Assume that ϕ is the time-1-map of a global Hamiltonian flow whose
restriction to N stays C0-close to the inclusion N → M , and that
(ϕ,N) is nondegenerate in the sense of [Zi1]. The main result of [Zi2]
(Theorem 1) implies that under these conditions
∣∣Fix(ϕ,N)∣∣ is bounded
below by the sum of the Betti-numbers of N . This result is optimal in
the sense that the C0-condition cannot be replaced by Hofer smallness
of ϕ.
In this note I reinterpret the proof of [Zi2, Theorem 1] by outlining a
local version of Floer homology for coisotropic submanifolds. I expect
this Floer homology to reproduce [Zi2, Theorem 1]. Details of its con-
struction will be carried out elsewhere. For the extreme cases N = M
and N Lagrangian, local versions of Floer homology were developed in
[Fl, Oh1, Oh2, CFHW, Po, GG1]; see also the book [Oh3, Chapter
17.2]. 1
1In [Al] a Lagrangian Floer homology was constructed that is “local” in a dif-
ferent sense.
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Potentially a (more) global version of coisotropic Floer homology
may be defined, so that the C0-condition on ϕ in [Zi2, Theorem 1] can
be relaxed.2 This may also yield a lower bound on
∣∣Fix(ϕ,N)∣∣ that is
higher then the sum of the Betti numbers of N , for a suitably generic
pair (ϕ,N).
The local coisotropic Floer homology may play a role in mirror sym-
metry, as physicists have realized that the Fukaya category should be
enlarged by coisotropic submanifolds, in order to make homological
mirror symmetry work, see e.g. [KO].
To explain the definition of this homology, consider a symplectic
manifold (M,ω), a closed coisotropic submanifold N ⊆ M , a diffeo-
morphism ϕ of M , and an ω-compatible almost complex structure J
on M . Assume that ϕ is the time-1 map of a Hamiltonian flow on M
whose restriction to N stays “C0-close” to the inclusion N → M , and
that (ϕ,N) is nondegenerate in the sense of [Zi1, p. 105].
Heuristically, we define the local Floer homology HF(N,ϕ, J) as fol-
lows. Its chain complex is generated by the points x ∈ Fix(N,ϕ), for
which there is a “short” path from x to ϕ(x) within the isotropic leaf
through x.
To explain the boundary operator ∂ = ∂N,ϕ,J , we denote by ι :
N → M the inclusion map. We equip the product M × N with the
presymplectic form ω ⊕ (−ι∗ω). By [Zi2, Lemma 4] there exists a
symplectic submanifold M˜ of M ×N that contains the diagonal
N˜ :=
{
(x, x)
∣∣ x ∈ N}
as a Lagrangian submanifold. We shrink M˜ , so that it is a Weinstein
neighbourhood of N˜ . The map ϕ induces a Hamiltonian diffeomor-
phism ϕ˜ between two open neighbourhoods of N˜ in M˜ . The structure
J induces an almost complex structure J˜ on M˜ that is ω˜-compatible.
The boundary operator ∂ is now defined to be the boundary opera-
tor of the “local Lagrangian Floer homology” of
(
M˜, ω˜, N˜ , ϕ˜−1(N˜), J˜
)
.
This map counts finite energy J˜-holomorphic strips in M˜ that stay
2This can only work under suitable conditions on N . The reason is that by
[GG2, Theorem 1.1], there exists a closed hypersurfaceN in R2n and a Hamiltonian
diffeomorphism on R2n that is arbitrarily Hofer-close to id and has no leafwise fixed
points w.r.t. N .
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“close” to N˜ , have Viterbo-Maslov index 1, map the lower and up-
per boundaries of the strip to N˜ and ϕ˜−1(N˜), and connect two in-
tersection points of N˜ and ϕ˜−1(N˜). Such points correspond to points
x ∈ Fix(N,ϕ), for which there exists a short path from x to ϕ(x) within
a leaf. (See [Zi2, Lemma 6].)
To understand why heuristically, the boundary operator is well-
defined and squares to zero, observe that N˜ intersects ϕ˜−1(N˜) trans-
versely, since (ϕ,N) is nondegenerate. (See [Zi2, Lemma 7].) There-
fore, for generic J˜3 , the moduli space of J˜-strips is a 0-dimensional
manifold in a natural sense. (Here we divided by the translation ac-
tion.) It is compact, since index-1-strips generically do not break, and
disks or spheres cannot bubble off, because N˜ is an exact Lagrangian in
M˜ . Here we used our assumption that M˜ is a Weinstein neighbourhood
of N˜ . For similar reasons we have ∂2 = 0.
Given two choices of symplectic submanifolds M˜, M˜ ′ ⊆M ×N con-
taining N˜ , one obtains a symplectomorphism between open neighbour-
hoods of N˜ in M˜ and M˜ ′, by sliding M˜ to M˜ ′ along the isotropic leaves
of N . This symplectomorphism intertwines the corresponding ϕ˜’s and
J˜ ’s. It follows that the boundary operator does not depend on the
choice of M˜ , and therefore, heuristically, is well-defined.
To make the outlined Floer homology rigorous, the words “close” and
“short” used above, need to be made precise. To obtain an object that
does not depend on the choice of “closeness”, the local Floer homology
of (N, J) should really be defined to be the germ of the map
ϕ 7→ HF(N,ϕ, J)
around id : M → M .
By showing that HF(N,ϕ, J) is isomorphic to the singular homology
of N˜ , it should be possible to reproduce the lower bound∣∣Fix(ϕ,N)∣∣ ≥ sum of the Betti numbers of N with Z2-coefficients,
which is provided by [Zi2, Theorem 1(i)].
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